Thermal decoherence is a major obstacle to the realization of quantum coherence for massive mechanical oscillators. Although optical trapping has been used to reduce the thermal decoherence rate for such oscillators, it also increases the rate by subjecting the oscillator to stochastic forces resulting from the frequency fluctuations of the optical field, thereby setting a fundamental limit on the reduction. This is analogous to the noise penalty in an active feedback system. Here, we directly measure the rethermalizaton process for an initially cooled and optically trapped suspended mirror, and identify the current limiting decoherence rate as due to the optical trap. Our experimental study of the trap-induced decoherence rate will enable future advances in the probing of fundamental quantum mechanics in the bad cavity regime, such as testing of deformed commutators. Introduction.-Various types of optical potentials have been used to change the dynamics of mechanical systems, including atoms, thin membranes and suspended mirrors in order to, e.g. observe signatures of shot-noise radiation-pressure fluctuations [1] , enhance the quality factor of the system [2], and improve the sensitivity of gravitational-wave detectors [3] [4] [5] [6] . Since an optical potential works as an ideal spring for the trapped mode in terms of energy dissipation, it can reduce the number of quanta in the mode (the so-called "optical dilution" effect) so that even a low-frequency massive oscillator will exhibit quantum behavior [7] . Progress towards this quantum regime is underway [2, [8] [9] [10] in the field of cavity optomechanics [11] particularly in the bad cavity regime, where the optical linewidth is broader than that of the mechanical resonance. Although the bad cavity condition is often not promising in terms of coherence because of the slow mechanical oscillation, it enables us to detect gravitational-waves [12] , and potentially to probe deformed commutators [13, 14] , generate entangled states [15] [16] [17] , and test wavefunction collapse models [18] [19] [20] [21] [22] .
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The reported limits of optical dilution so far are due to position sensing noise resulting from frequency fluctuations of the laser [10] , the structural effect of the mechanical oscillator [2] , and also parametric instability [5, [23] [24] [25] . Additionally, the reduction of thermal decoherence rate (i.e. the derivative of occupation of the mode with respect to the time) has been observed indirectly by measuring the stationary state of the trapped mode [10] . However, at the same time, the optical potential induces heating of the oscillator so that it increases decoherence, which is analogous to the "noise penalty" in an active feedback system [26] . The excess decoherence arises because the passive feedback loop (i.e. the optical potential) subjects the oscillator to stochastic forces resulting from frequency fluctuations of the laser. This phenomenon sets a fundamental limit on the reduction of decoherence even in the absence of active feedback.
In this paper, we report an experimental study of optical trap-induced decoherence. We cool an optically trapped pendulum mode (suspended mirror) based on measurement of the pendulum's displacement (cf. [27] [28] [29] [30] [31] ). By turning off the cooling, we measure the time evolution of the initially cooled mode, and hence the thermal decoherence rate. We measure this rate as the optical rigidity is varied. We find that the reduction of decoherence is limited by the optical-trap induced decoherence, whose effect is proportional to the frequency noise spectrum Sφ at the resonance ω eff of the trapped mode. For an optically trapped oscillator, the condition
must be satisfied in order to measure the quantum coherence of the oscillator, where g 0 is the optomechanical coupling per single photon. Since ω eff must be larger than the decoherence rate, this is more stringent than the requirement for achieving ground-state cooling [32] . Condition (1) is experimentally challenging in the case of using a massive mechanical oscillator, but we show that it is feasible in the presence of frequency stabilization.
Experimental design.-We use an optical cavity consisting of a suspended 5-mg(=m 1 ) mirror, a suspended 1 × 10 2 -g(=m 2 ) mirror which is attached to coil-magnet actuators for active feedback, and a fixed mirror [ Fig.  1(a) ]. This design makes the system stable with respect After prelocking of the cavity length, it is switched off and then the gain of the highpass filter is increased. By mixing square waves, the cooling system is rapidly switched off so that the thermal decoherence rate can be observed. (d) Parametric plot of the optical spring (as a curve) and optoelectrical feedback (as vertical lines and a horizontal line) as a function of detuning ∆ and gain g el of the feedback system χ fb = iωg el , respectively. At zero detuning from resonance (∆ = 0), both the resonant frequency and the damping rate are equal to the intrinsic ones. At zero gain of the electrical servo (g el = 0), feedback cooling vanishes. Parameter values are ω1/(2π) = ω2/(2π) = 1 Hz, γ1/(2π) = 10
to the mirror's yaw motion [33] . The cavity is pumped by an optical laser blue-detuned from the cavity frequency ω cav /(2π) so that the mirrors are coupled to an optical spring with spring constant k opt . The cavity length fluctuation is obtained by monitoring the reflected light by a photo detector, whose voltage signal is filtered and then fed back to the actuators. The dynamics of the cavity optomechanical system shown in Fig. 1(a) can be modeled as a linear (negative) feedback system and the corresponding block diagram is shown in Fig. 1(b) . The mechanical susceptibility (i.e. displacement response to an applied force F ) of the 5-mg movable mirror can be determined by Mason's rule [34] :
Here δx 1 is the displacement of the movable mirror, χ 1 (χ 2 ) is the bare mechanical susceptibility of the 5-mg (1 × 10 2 -g) mirror, and ζ 1 (ζ 2 ) is the derivative of the cavity length l with respect to the position of the the 5-mg (1 × 10 2 -g) mirror. χ fb consists of the derivative of the cavity's power reflectivity with respect to the cavity length, the efficiency of the photo detector, the servo circuits [details are shown in Fig. 1(c) ], and the actuation efficiency. The optical spring constant is given by the following equation in the frequency domain [11] :
Here g is the light-enhanced coupling rate for the linearized regime,n cav is the average photon number in the cavity, ∆ is the cavity detuning, κ is the cavity amplitude decay rate,h is the reduced Planck constant and ω/(2π) is the Fourier frequency. For the massive and the fixed mirrors, the optical spring is negligible since it hardly changes the dynamics of the these mirrors. From Eqs. (2) and (3), dissipation of the movable mirror is controlled by the (servo) highpass filter because damping forces made by the filter are transfered to the movable mirror through the optical rigidity. For the fixed feedback gain, the effective dissipation (i.e. degree of cooling) thus depends on the optical rigidity [cf. vertical lines in Fig. 1(d) ]. For strong optical rigidity, the optical anti-damping is canceled by the following feedback system [the horizontal line in Fig. 1(d) ]:
Here we suppose ω ≪ √ ∆ 2 + κ 2 . Roughly speaking, the system becomes unstable unless the feedback gain g el exceeds m 2 ω 2 eff /κ because the bare dissipation rate is generally very small.
Note that the optoelectrical cooling presented here is "active" because the servo system directly suppresses thermal motion. Passive cooling with a servo-modified optical spring has been reported by C. M. Mow-Lowry et al. [35] . An advantage of active cooling is that it is possible to realize the ground state for the bad cavity condition given by ω eff ≪ κ [36] . This condition is also required to probe spacetime using pulsed light [13] .
Parameters.-The cavity has a round-trip length L = 8.7 ± 0.2 cm and is installed in a chamber at a pressure of 9 Pa. The 5-mg (1 × 10 2 -g) mirror has a bare pendulum frequency ω 1 /(2π) (ω 2 /(2π)) of 2.14 Hz (2.89 Hz). The 5-mg mirror is suspended by a tungsten wire 3 um in diameter with a bare energy dissipation rate of γ 1 /(2π) = (1.2±0. wires 30 um in diameter with a bare rate of γ 2 /(2π) = (5.4 ± 0.2) × 10 −2 Hz (i.e. Q 2 = 54 ± 2). The finesse of the cavity is F = (1.98 ± 0.08) × 10 3 corresponding to a total amplitude decay rate of κ/(2π) = 0.84 ± 0.03 MHz. The ratio of the input coupler's decay rate to the total decay rate is κ in /κ = 0.19 ± 0.01. The laser frequency is ω laser /(2π) ≃ 300 THz (Coherent Inc. Mephisto), and the maximum input laser power to the cavity is 47 ± 5 mW. The beam is incident on the movable mirror at an angle β, where cos β = 0.78 ± 0.04.
Calibration of the pendulum's displacement.-To obtain the (one-sided) displacement spectrum S x (ω), we observe the reflected light from the cavity. For bluedetuning satisfying ω eff ≫ ω 1 , we obtain the following equation by Mason's rule [34] and Eqs. (2) and (3):
Here S V (ω) is the spectrum of the observed voltage signal, c is the speed of light, and η is the voltage-to-power conversion factor of the detector. Note that this technique does not require us to measure the cavity detuning, which is hard accurately determine. To obtain S x (ω) from Eq. (5), we first determine the finesse by sweeping the laser frequency over the cavity resonance [ Fig. 2(a) ]. We then trap the movable mirror using the optical spring created by the 0.82 ± 0.08 mW incident laser. We obtain the ratio κ in /κ and ζ 1 = 2 cos β by measuring the dependence of the effective resonant frequency on the detuning [ Fig. 2(b) ].
Cooling.-After prelocking the cavity length, we make the gain equal to zero so that the length is passively controlled by the optical potential. We then increase the gain of the highpass filter to cool the trapped mode.
We show examples of the cooling spectra in Figs. 2(c)-(d) with varying the gain of the highpass filter. In Fig.  2(c) higher harmonics of the AC power supply frequency of 50 Hz are visible through the spectrum. We integrate each observed spectral peak within 3 σ to obtain the mode's temperature T eff = m 1 ω 2 eff x 2 /k B , where k B is the Boltzmann's constant. The lowest temperature is 15 ± 3 mK at ω eff /(2π) = (6.62 ± 0.07) × 10 2 Hz. For the case of ω eff /(2π) > 662 Hz, the degree of cooling is saturated since resonance at 2.7 kHz [cf. Fig. 2(e) ] prevents us from increasing the gain to a sufficiently high level.
For the noise analysis, we find that the frequency fluctuations of the pump laser [characterized by the noise spectrum Sφ (Hz based on the measured frequency noise spectrum shown in Fig. 2(f) , we then obtain S freq x (ω) [dash-dotted lines in Fig. 2(d) ]. The thermal noise spectrum is given, according to the fluctuation-dissipation theorem [38] , by S th
For the case of ω eff /(2π) = 662 Hz, the thermal noise dominates under the resonance [dotted lines in Fig. 2(d) ]. Thermal decoherence rate.-After cooling we rapidly make the gain of the highpass filter equal to nearly zero (as in Eq. (4) m 2 ω 2 eff /κ ∼ 0 N/m/Hz) so that relaxation is observed. Since both the transfer functions χ eff and χ eff /(χ 1 g) consist of first-order lag elements that have the same real part of the pole γ eff , the average phonon number will evolve according to the expression:
Unless ω eff /(2π) exceeds d n /dt, phonons are quickly excited so that interference due to quantum coherence is destroyed. Thus, ω eff /[2πd n /dt] gives the oscillation number n osc before thermal excitation. From Eq. (6) we identify Eq. (1) as the relevant condition to observe the coherent oscillations of low-frequency oscillators in the presence of optical dilution. Note that Eq. (6) is valid for not only the in-loop detector as shown in Fig. 1(b) but also an out-of loop detector since both signals are identical at the resonant frequency of the trapped mode. We use a square wave of frequency 1 Hz as an on/off switch for the cooling [ Fig. 1(c) ]. By injecting 100 seconds of the square wave, we repeatedly measure the time evolution of the initially cooled mode. We show examples of the time evolution [ Fig. 3(a) ], which represent the oscillation with random phase jumps [line in the inset of Fig. 3(a) ]. We also show the time evolution of the phonon number averaged over all measurements [circles in the inset of Fig. 3(a) ], which is well fitted to the theoretical prediction [dashed line in the inset of Fig. 3(a) ]. The thermal decoherence rate can be determined from the plot of the averaged phonon number versus time by linear fitting. We observed the rate as the cavity detuning (i.e. optical rigidity) was varied [circles in Fig. 3(b) ]. The results are well fitted to the theoretical prediction shown as a solid curve. The trap-induced decoherence presently limits the achievable rate. The lowest rate of (3.5 ± 0.8) × 10 9 Hz is 60 times smaller than the bare value given byn th γ 1 [39] . Since the optical potential dilutes energy dissipation by enhancing rigidity, the coherent oscillation number of the trapped mode is further improved by a factor of ω eff /ω 1 . Thus, the improvement for n osc is 10 4 -fold [triangles in Fig. 3(b) ]. For the feasible case of ω laser /(2π) ≃ 300 THz, ω 1 /(2π) = 1 Hz, and Q 1 = 5 × 10 7 [40] , 1/n osc is equal to the following expression from Eq. (6) Here the value of Sφ is also feasible by stabilization [41] . n osc > 1 is thus achievable by optical dilution even in the presence of the optical-trap induced decoherence.
Conclusion.-We directly measured the thermal decoherence rate of an optically trapped pendulum mode as the optical rigidity was varied. We demonstrated optical dilution effect and achieved 60-fold reduction of the rate from its bare value. In our present system, reduction of decoherence is limited by the optical-trap induced decoherence. However, our analysis substantiates the feasibility of reducing the rate under the pendulum's resonant frequency within the state of the art technology. One fascinating prospect is that combination with the two optomechanical systems, both of which satisfy Eq. (1), leads to generate the entangled state of massive mirrors [17] . Our results represent an important step towards the goal of realizing quantum massive oscillators.
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